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Free-energy functional of the Debye-Hu¨ckel model of simple fluids
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The Debye-Hu¨ckel approximation to the free-energy of a simple fluid is written as a functional
of the pair correlation function. This functional can be seen as the Debye-Hu¨ckel equivalent to the
functional derived in the hyper-netted chain framework by Morita and Hiroike, as well as by Lado.
It allows one to obtain the Debye-Hu¨ckel integral equation through a minimization with respect to
the pair correlation function, leads to the correct form of the internal energy, and fulfills the virial
theorem.
PACS numbers: 05.20.Jj
I. INTRODUCTION
The Debye-Hu¨ckel (DH) model originated in the
physics of electrolytes [1], that is, fluids of charged par-
ticles interacting through a Coulomb potential. It is the
linearized version of the classical “Hartree-like” mean-
field model, which is often called Non-Linear Debye-
Hu¨ckel (NLDH) model or Poisson-Boltzmann model in
the context of electrolytes. These two models can be
extended to arbitrary interaction potentials, leading re-
spectively to the DH and NLDH models of classical fluids,
with the corresponding integral equations.
Although it is based on very strong assumptions, the
DH model gives physical insight into the screening of in-
teraction potentials and the decay of correlation func-
tions, both in the framework of simple and multicompo-
nent fluids. The DH model is valid in the low-coupling
limit, that is, in the limit of small interactions compared
to the kinetic energy of the particles. More sophisti-
cated models of classical fluids exist, as for instance the
Hyper-Netted Chain (HNC) [2] or Percus-Yevick [3] mod-
els, which account for part of the correlations. However,
some theoretical studies also proceed by introducing cor-
rections, using the low-coupling DH limit as a starting
point (see [4, 5]). It was also recently shown that in
the DH model, the energy and virial routes are thermo-
dynamically consistent for any potential [6]. For these
reasons, the DH model is of permanent theoretical inter-
est.
Moreover, in a number of applications, modified ver-
sions of the DH model are used, as for example in the
physics of electrolytes [7, 8] or in plasma physics [9, 10].
The DH model therefore also has some practical interest.
In the case of a long-range attractive potential, the
linearization performed in the DH model allows one to
circumvent the “classical catastrophe” of collapsing par-
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ticles. To some extent, this explains why this model is
so common in plasma physics as well as in the physics of
electrolytes.
Apart from the historical derivation as a linearized
mean-field theory of a charged-particle mixture [1], the
DH model of simple fluids can be obtained from the so-
called “Percus trick” [11] or from a diagrammatic analysis
[4, 5, 12].
In the research on variational models of atoms in plas-
mas, there is a serious need to account for ion and elec-
tron correlations and their impact on the atomic struc-
ture and dynamics [13–24]. In this framework, it is also
useful to have a variational derivation of simple fluid
models, using expressions of the free-energy as a func-
tional of the ion-ion pair correlation function. Such a
variational expression can be used in a more general the-
ory that also includes the ion electronic structure.
A free-energy functional is available in the HNC the-
ory [25, 26]. However, in the well-known DH theory, an
expression of the free-energy as a functional of the pair
correlation function has not been yet proposed. The pur-
pose of this paper is to present a brief derivation of such
an expression, which can be seen as the DH equivalent
to the HNC free-energy functional of Morita and Hiroike
[25], also derived by Lado [26].
II. DEBYE-HU¨CKEL INTEGRAL EQUATION
The DH integral equation for a homogeneous simple
fluid with the given pair potential u(r) writes (see for
example [11], Eq. (6.5)):
h(r) = −βu(r)− ̺β
∫
d3r′ {h(r′)u(|r− r′|)} (1)
where ̺ is the particle density of the fluid, β the inverse
temperature, and h(r) = g(r) − 1, g(r) being the usual
pair distribution function.
For some particular pair potentials such as the
Coulomb (1/r) or Yukawa (e−αr/r) potentials, this equa-
tion can be recast as a differential equation (Poisson
2equation in the Coulomb case, Helmholtz equation in the
Yukawa case). In a diagrammatic analysis, Eq. (1) corre-
sponds to the sum of all u-bond chain diagrams. Eq. (1)
can also be seen as a Ornstein-Zernicke relation with the
simplest closure c(r) = −βu(r), where c(r) is the direct
correlation function.
The Fourier transform Fk of a function F(r) is defined
as:
Fk =
∫
d3r
{
F(r)eik.r
}
(2)
For a potential that has a Fourier transform, Eq. (1) can
be rewritten in the Fourier space as the algebraic relation:
hk = −βuk − ̺βhkuk (3)
which has the direct formal solution:
heq,k = −βus,k ; us,k ≡
uk
1 + ̺βuk
(4)
Here, heq,k denotes the DH equilibrium correlation func-
tion and us,k denotes the screened potential, both in the
Fourier space.
For any long-range potential (i.e. Coulombic at in-
finity), limk→0 uk ∼ k
−2, which implies uk=0 = −̺
−1.
This is the case in any model that can be written as
an Ornstein-Zernicke equation with a direct correlation
function that includes the interaction potential.
In the following, the pair potential u(r) will be replaced
by uξ(r) ≡ ξu(r), ξ being a charge parameter, and the
corresponding ξ indices will label hξeq, u
ξ and uξs.
III. EXPRESSION OF THE FREE-ENERGY
FUNCTIONAL
We consider a system which is immersed in a rigid,
homogeneous, “neutralizing” background. Such back-
ground do not impact on the equations-of-motion or on
the DH integral equation. It however leads to renormal-
ized energies by accounting for the contribution:
Ebg
V
= −
̺2
2
∫
d3r
{
uξ(r)
}
(5)
which cancels the divergences of energies in case of a long-
range potential. In case of a short-range potential, one
can disregard any background by removing this contribu-
tion. In the following, we will address the configurational
part of the renormalized free-energy and give its expres-
sion as a functional of the pair correlation function.
In the particular case of the Coulomb potential:
uξ(r) ≡ ξ/r, it is easy to check that if one minimizes
w.r.t. h(r) the following functional Aξ {̺, β, h(r)}:
Aξ
V
=
2̺2
3β
∫
d3r
{
h(r)
(
h(r)
2
+
βξ
r
+
̺βξ
2
∫
d3r′
{
h(r′)
|r− r′|
})}
(6)
one gets Eq. (1). This functional also yields all the well-
known equilibrium results for the renormalized configura-
tional internal energy U ξeq, free-energy A
ξ
eq, and pressure
P ξeq (see, for example, [27] §78), namely:
U ξeq
V
=
∂
∂β
(
βAξeq
V
)
=
∂
∂β
(
βAξ
V
)∣∣∣∣
eq
= −
ξ̺
2
√
4π̺βξ
(7)
Aξeq
V
=
2
3
U ξeq
V
(8)
P ξeq = ̺
2 ∂
∂̺
(
Aξeq
̺V
)
= ̺2
∂
∂̺
(
Aξ
̺V
)∣∣∣∣
eq
=
1
3
U ξeq
V
(9)
where |eq means that the functional is taken at the DH
equilibrium, that is, for h(r) = hξeq(r) from Eq. (4).
We stress that Eqs (7),(8),(9) hold for a One-component
Classical Plasma (OCP) with the contribution of the neu-
tralizing background included.
A slightly more complicated functional can be guessed
as well in the Yukawa-OCP case: uξ(r) = ξ exp(−αr)/r.
The present derivation aims at giving a general form
of the free-energy functional for a simple fluid with any
pair potential u(r). As in [26], we use Debye’s charging
method and build an expression of the renormalized con-
figurational free-energy functional Aξ {̺, β, u(r), h(r)}
from the equilibrium relation:
Aξeq {̺, β, u(r)}
V
=
̺2
2
∫ ξ
0
dξ′
ξ′
∫
d3r
{
hξ
′
eq(r)u
ξ′ (r)
}
(10)
In the case of the exact equilibrium, Eq. (10) is an exact
relation. We consider the case of |eq denoting the DH
equilibrium, with h(r) = hξeq(r) from Eq. (4), and require
Eq. (10) to hold.
Let us assume that the free-energy functional
Aξ {̺, β, u(r), h(r)} can be written in the form that fol-
lows:
Aξ
V
=
∫
d3k
(2π)3
{
f ξkhk
(
hk
2
+ βuξk +
̺β
2
hku
ξ
k
)}
(11)
where f ξk ≡ f(̺, β, ξ, k, u
ξ
k) is independent of hk. Mini-
mization of Aξ w.r.t. h(r) then lead to Eq. (3), i.e. to
the DH equation.
Differentiating w.r.t. ξ, we obtain:
ξ
V
∂Aξeq
∂ξ
=
ξ
V
∂Aξ
∂ξ
∣∣∣∣
eq
(12)
=
∫
d3k
(2π)3
{
ξ
∂f ξk
∂ξ
hk
(
hk
2
+ βuξk +
̺β
2
hku
ξ
k
)
+ f ξkhk
(
βξ
∂uξk
∂ξ
+
̺β
2
hkξ
∂uξk
∂ξ
)}∣∣∣∣∣
eq
(13)
Using uξk = ξuk, and substituting the formal equilibrium
3solution of Eq. (4), we get:
ξ
V
∂Aξeq
∂ξ
=
−β2
2
∫
d3k
(2π)3
{
∂
∂ξ
(
ξf ξk
)
uξs,ku
ξ
k + f
ξ
ku
ξ 2
s,k
}
(14)
On the other hand, from Eqs. (10) and (4) we can
write:
ξ
V
∂Aξeq
∂ξ
=
−β̺2
2
∫
d3k
(2π)3
{
uξs,ku
ξ
k
}
(15)
Requiring Eq. (10) (or equivalently Eq. (15)) to hold,
results in the equation:
∂
∂ξ
(
ξf ξk
)
+
ξf ξk
ξ + ̺βukξ2
=
̺2
β
(16)
A solution to this differential equation for ξf ξk can be
looked after in the form of a series. This leads to the
following expression for f ξk :
f ξk =
̺2
β
F (̺βuξk) (17)
where the function F is defined as the series:
F (x) = 1−
∞∑
n=0
{
(−x)n
(n+ 1)(n+ 2)
}
(18)
The latter can be identified with the function:
F (x) =
(
1 +
1
x
)(
1−
ln(1 + x)
x
)
(19)
As can be seen in Eq. (17), the only dependence of f ξk on
k and ξ is via the potential uξk.
Finally, the DH free-energy functional reads:
Aξ
V
=
̺2
β
∫
d3k
(2π)3
{(
1 +
1
̺βuξk
)(
1−
ln(1 + ̺βuξk)
̺βuξk
)
hk
(
hk
2
+ βuξk +
̺β
2
hku
ξ
k
)}
(20)
which is the main result of the present paper.
It is worth to note the appearance of the logarithm
function, both in the DH and in the HNC free-energy
functionals [25, 26], which is related to the fact that the
Ornstein-Zernicke relation is explicitly fulfilled in both
approaches.
IV. INTERNAL ENERGY, PRESSURE AND
VIRIAL THEOREM
We first consider the renormalized configurational in-
ternal energy, as defined by the thermodynamics:
U ξeq
V
=
∂
∂β
(
βAξeq
V
)
=
∂
∂β
(
βAξ
V
)∣∣∣∣
eq
(21)
As can be seen in Eq. (20), βAξ/V is a functional of h(r),
̺, and of the product βξu(r). As a consequence, we can
write:
∂
∂β
(
βAξ
V
)
= ξ
∂
∂ξ
(
Aξ
V
)
(22)
We then have, in virtue of Eq. (10):
U ξeq
V
= ξ
∂
∂ξ
(
Aξ
V
)∣∣∣∣
eq
=
∫
d3r
{
hξeq(r)u
ξ(r)
}
(23)
which corresponds to the exact expression of the internal
energy, with hξeq(r) taken to be the DH approximation to
the equilibrium correlation function.
The result Eq. (23) can also be obtained in a more
pedestrian way, by making the explicit differentiation of
the free-energy expression Eq. (20) and then substituting
hξ
eq,k. We do not reproduce this calculation here.
The virial configurational pressure as a functional of
̺,u(r),h(r) is:
P ξv = −
1
3
̺2
2
∫
d3r
{
h(r)r.∇ru
ξ(r)
}
(24)
For a potential that decays as 1/r or faster, using the
Fourier representation and integrating by part, we can
write from Eq. (24):
P ξv =
∫
d3r
{
h(r)uξ(r)
}
+
1
3
̺2
2
∫
d3k
(2π)3
{
hkk.∇ku
ξ
k
}
(25)
Using Eq. (4), the equilibrium virial pressure becomes:
P ξv,eq =
U ξeq
V
−
̺2
2
∫
∞
0
dk
(2π)3
{
4π
3
k3
βuξk
1 + ̺βuξk
∂uξk
∂k
}
(26)
Finally, we obtain:
P ξv,eq =
U ξeq
V
+
1
2β
∫
d3k
(2π)3
{
̺βuξk − ln
(
1 + ̺βuξk
)}
(27)
Then, differentiating w.r.t. ξ, we get:
ξ
∂P ξv,eq
∂ξ
=
−̺2β
2
∫
d3k
(2π)3
{(
uξs,k
)2}
(28)
We now consider the equilibrium pressure, as it is de-
fined by the thermodynamics:
P ξeq = ̺
2 ∂
∂̺
(
Aξeq
̺V
)
(29)
Using Eq. (10), we obtain:
P ξeq = ̺
2 ∂
∂̺
(
−β̺
2
∫ ξ
0
dξ′
ξ′
∫
d3k
(2π)3
{
uξ
′
s,ku
ξ′
k
})
(30)
4Performing the differentiation w.r.t. ̺, we end up with:
P ξeq =
−̺2β
2
∫ ξ
0
dξ′
ξ′
∫
d3k
(2π)3
{(
uξs,k
)2}
(31)
Finally, using Eq. (28), we have:
P ξeq =
∫ ξ
0
dξ′
ξ′
{
ξ′
∂P ξ
′
v,eq
∂ξ′
}
= P ξv,eq (32)
Thus, using the exact Eq. (10) in order to define the
free-energy in the approximate DH case ensures that the
virial theorem is fulfilled.
Again, the result Eq. (32) can also be obtained in a
more pedestrian way, from the explicit differentiation of
the free-energy expression of Eq. (20) and the substitu-
tion of hξ
eq,k. We do not reproduce this calculation here
either.
V. CONCLUSION
Our Eq. (20) is an explicit expression of the renormal-
ized configurational free-energy functional in the Debye-
Hu¨ckel approximation. This expression allows one to ob-
tain the Debye-Hu¨ckel equation from a minimization pro-
cedure w.r.t. the pair correlation function. In the DH
case, as in the HNC case of [25, 26], requiring the ex-
act charging relation to hold in the approximate model
allows one to define a free-energy functional that yields
the correct expression for the internal energy and fulfills
the virial theorem. Work is now in progress in order to
generalize the present formalism to multicomponent flu-
ids, as it was done in the HNC case [28, 29].
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